Rules for integrands of the form (d + e x)"Pg[x] (a+bx+cx*)?whenq>1

1: J(d +eXx)"Pq[x] (a+bx+cx?)?dx whenPolynomialRemainder [Pq[X], d +e X, X] =

Derivation: Algebraic simplification

Rule 1.2.1.9.1: If PolynomialRemainder [Pq[x], d +e X, X] == 0,then

J(d+ex)qu[x] (a+bx+cx®)?Pdx — j(d+ex)'“+1 PolynomialQuotient [P4[x], d+ex, X] (a+bx+cx*)?dx

Program code:

Int[(d_.+e_.*x_)"m_.*Pq_=(a_.+b_.*x_+c_.*x_"2)~p_.,x_Symbol] :=
Int[ (d+exx)~ (m+1) xPolynomialQuotient [Pq,d+exX,X] » (a+bxx+cxx"2)*p,x] /;
FreeQ[{a,b,c,d,e,m,p},x] & PolyQ[Pq,x] && EqQ[PolynomialRemainder[Pq,d+e*x,x],e]

Int[(d_+e_.*x_)"m_.*Pq_=* (a_+C_.*x_"2)"p_.,x_Symbol] :=
Int[ (d+exx)~ (m+1) xPolynomialQuotient [Pq,d+exX,X]  (a+C*x*2)*p,x]| /;
FreeQ[{a,c,d,e,m,p},x] &% PolyQ[Pq,x] && EqQ[PolynomialRemainder[Pq,d+e*x,x],0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

2: J(d+ex)"‘ (a+bx+cx?)? (f+gx+hx?) dx

when beh (m+p+2) +2cdh (p+1) -ceg(m+2p+3) =0 Abdh (p+1) +aeh(m+1) -cef (mM+2p+3) =0 Am+2p+3+#0

Derivation: Special case of one step of the Ostrogradskiy-Hermite integration method

Rule1.2.1.9.2:If beh (m+p+2) +2cdh (p+1) ~ceg (m+2p+3) =0 A , then
bdh (p+1) +aeh(m+1) ~-cef m+2p+3) =0 Am+2p+3+80

h (d+ex)™?! (a+bx+cx2)'°+1

J(d+ex)“‘ (a+bx+cx?)? (f+gx+hx?) dx —
ce(m+2p+3)

Program code:

Int[(d_.+e_.*x_)"m_.*P2_=x(a_.+b_.*Xx_+c_.*x_"2)"p_.,x_Symbol] :=
With[{f=Coeff[P2,x,0],g=Coeff[P2,X,1],h=Coeff[P2,x,2]},
hx (d+exx) ~ (m+1) » (a+b*x+c*x"2) * (p+1) / (cxe*x (m+2xp+3)) /;
EqQ[bxexhx (m+p+2) +2xcxdxh* (p+1) -cxexg* (M+2xp+3) ,0] && EqQ[b*d*h*(p+1)+a*e*h*(m+1)—c*e*f*(m+2*p+3),0]] /5
FreeQ[{a,b,c,d,e,m,p},x] && PolyQ[P2,x,2] &% NeQ[m+2xp+3,0]

Int[(d_+e_.*x_)"m_.*P2_x*(a_+C_.*x_"2)"p_.,x_Symbol] :=
With[{f=Coeff[P2,x,0],g:Coeff[PZ,x,l],h=Coeff[P2,x,2]},
hx (d+exx)~ (m+1) * (a+Cc*Xx*2) ~ (p+1) / (cxex (Mm+2xp+3)) /;
EqQ[2*dxh* (p+1) —-exg* (m+2xp+3) ,0] && EqQ[a*h* (m+1) —c*f* (M+2xp+3) ,0] ] /5
FreeQ[{a,c,d,e,m,p},x] && PolyQ[P2,x,2] && NeQ[m+2xp+3,0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

3:J}d+exWPqn](a+bx+cxﬂpdxwmmp+2€z+

Derivation: Algebraic expansion

Rule1.2.1.9.3:If p + 2 € Z*, then

J(d+ex)’"Pq[x] (a+bx+cx?)Pdx — JExpandIntegr‘and[(d+ex)’"Pq[x] (a+bx+cx?)P, x] ax

Program code:
Int[(d_.+e_.*x_)"m_.*Pq_= (a_.+b_.*Xx_+c_.*x_"2)~p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exXx) *mxPqx (a+b*x+c*xx"2) *p,x],x] /;
FreeQ[{a,b,c,d,e,m},x] && PolyQ[Pq,x] && IGtQ[p,-2]

Int[(d_+e_.*x_)"m_.*Pq_=*(a_+C_.*x_"2)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exXx) *mxPq* (a+c*x"2) *p,x],x] /;
FreeQ[{a,c,d,e,m},x] && PolyQ[Pq,x] && IGtQ[p,-2]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

4: J(d+ex)qu[x] (a+bx+cx?)?dx whenb®-4ac=0

Derivation: Piecewise constant extraction

+bx+c x2)?
Basis: If b - 4 a ¢ == 0, then o farbxrex?)?

(b+2 cx)2P

Rule 1.2.1.9.4: If b> -4 a c == O, then

FracP
(a+bx+cx?) art[pl

I(d+EX)“’Pq[X] (a+bx+cx?)Pdx — J.(d+ex)qu[x] (b+2cx?)?Pax

(4 C) IntPart[p] (b +2¢C X) 2 FracPart[p]

Program code:

Int[(d_.+e_.*x_)"m_.*xPq_=x(a_+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
(a+bxx+cxx”2) *FracPart[p]/ ( (4*c) *IntPart[p] * (b+2xcxx) " (2xFracPart[p])) *Int[ (d+exx) *mxPqx* (b+2xcxX) " (2xp) ,X] /;
FreeQ[{a,b,c,d,e,m,p},x] & & PolyQ[Pq,x] && EqQ[b"2-4xaxc,0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

5. j(d+ex)'“Pq[x] (a+bx+cx2)pd1x whenb?-4ac#0 A cd’>-bde+ae?=0

1: J(e x)"Pq[x] (bx+cx?)?dx when PolynomialRemainder [Pq[X], b+ cX, X] =

Derivation: Algebraic simplification

Basis: Pq [X] = - %% (bx+cx?)
Rule 1.2.1.9.5.1: If PolynomialRemainder [Pq[X], b+ c X, X] == 0, then

J(ex)qu[x] (bx+cx?)Pdx — eJ(ex)’"‘l PolynomialQuotient [Pq[X], b +cx, X] (bx+cx2)'°*1d1x

Program code:

Int[(e_.*x_)"m_.xPq_=*(b_.*x_+c_.*x_"2)"p_.,x_Symbol] :=
exInt[ (exx)~(m-1)+PolynomialQuotient [Pq,b+cxX,X]* (bxx+Ccxx2)~(p+1),x] /;
FreeQ[{b,c,e,m,p},x] & PolyQ[Pq,x] && EqQ[PolynomialRemainder[Pq,b+c*X,X],0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

2: J(d+ex)'"Pq[x] (a+bx+cx*)?dx whenb?-4ac#0 A cd’-bde+ae’==0 A PolynomialRemainder [Pq[x], ae+cdx, X] =0

Derivation: Algebraic simplification

Basis:If cd? -bde+ae?=0,then (d+ex) (ae+cdx) ==de (a+bx+cx2)

Rule 1.2.1.9.5.2: If
b2-4ac+0 Acd’-bde+ae?=0 A PolynomialRemainder [Pq[x], ae+cdx, x] =0,
let Qq-1[Xx] - PolynomialQuotient [Pq[x], ae+cdXx, x], then

J(d+ex)’“Pq[x] (a+bx+cx?)Pdx — deJ(d+ex)'“‘1Qq_1[x] (a+bx+cx2)p+1d1x

Program code:

Int[(d_+e_.*x_)"m_.*Pq_=(a_.+b_.*x_+c_.*x_"2)"p_.,x_Symbol] :=
dxexInt [ (d+exx)~ (m-1) xPolynomialQuotient [Pq,axe+cxdxX,X] * (a+bxx+C*x"2)~ (p+1),x]| /3
FreeQ[{a,b,c,d,e,m,p},x] & PolyQ[Pq,x] & NeQ[b*2-4xaxc,0] & EqQ[cxd"2-bxd+e+axe”2,0] & EqQ[PolynomialRemainder [Pq,ae+c*d+X,X],0]

Int[(d_+e_.*x_)”"m_.*Pq_x (a_+C_.*Xx_"2)"p_.,x_Symbol] :=
d+exInt [ (d+exx)~ (m-1) xPolynomialQuotient [Pq,a*e+cxdxX,X] (a+Cxx*2) " (p+1),x] /;
FreeQ[{a,c,d,e,m,p},x] &% PolyQ[Pq,x] && EqQ[cxd*2+axe”2,0] && EqQ[PolynomialRemainder[Pq,a*e+C*d*x,x],0]

3: j(d+ex)qu[x] (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’==0 A p+%eZ'A m>0

Derivation: Algebraic expansion and special quadratic recurrence 2b

Basis:If cd®>-bde+ae?=0,then (d+ex) (ae+cdx) =de (a+bx+cx?)

Rule 1.2.1.9.5.3:1f b2-4ac+0 A cdz—bde+ae2::@/\p+%eZ‘Am>@,

let Qq-1[x] - Polynomialquotient [P [x], ae+cdx, x] and f - PolynomialRemainder [P4[x], ae +cdx, x],then



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

J(d+ex)’"Pq[x] (a+bx+cx®)?Pdx —
-FJ.(d+ex)'“ (a+bx+cx2)pdlx+dej(d+ex)’"‘1Qq_1[x] (a+bx+cx2)"+1dlx —

f(2cd-be) (d+ex)" (a+bx+cx?)P?

+

e(p+1) (b*-4ac)
1

(p+1) (b

- ] J‘(d+ex)"“1 (a+bx+cx2)p+1 (de (p+1) (b®-4ac) Qqi[x]-f (2cd-be) (m+2p+2))dx
-4ac

Program code:

Int[(d_.+e_.*x_)"m_.*Pq_=(a_.+b_.*Xx_+c_.*x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient[Pq,ase+cxd+Xx,Xx], f=PolynomialRemainder[Pq,axe+c*d+X,X]},
fx (2xcxd-bxe) x (d+exXx) *mx (a+bxX+Cxx*2) ~ (p+1) / (ex (p+1) » (b*2-4xaxc)) +
1/((p+1)*(bA2-4*a*c))*Int[(d+e*x)A(m—1)*(a+b*x+c*xA2)A(p+1)*
ExpandToSum[d*e* (p+1) * (b"2-4%xaxc) xQ-Fx (2xcxd-bxe) x (M+2xp+2) ,x] ,x] ] /3
FreeQ[{a,b,c,d,e},x] & & PolyQ[Pq,x] && NeQ[b"2-4xaxc,0] && EqQ[cxd*2-bxdxe+axe”2,0] &% ILtQ[p+1/2,0] && GtQ[m,0]

Int[(d_+e_.xx_)"m_.xPq_x(a_+C_.*Xx_"2)"p_,x_Symbol] :=

With[{Q=PolynomialQuotient[Pq,axe+cxd+Xx,Xx], f=PolynomialRemainder[Pq,axe+c*d+X,X]},

—d*fx (d+exXx) *mx (a+C*xx"2) ~ (p+1) / (2xaxex (p+1)) +

d/ (2%a% (p+1)) *Int [ (d+exx) ~ (M-1) x (a+C*x"2) ~ (p+1) xExpandToSum[2xaxex (p+1) xQ+Ffx (m+2xp+2) ,x],x]|] /;
FreeQ[{a,c,d,e},x] && PolyQ[Pq,x] && EqQ[cxd"2+axe”2,0] && ILtQ[p+1/2,0] && GtQ[m,0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

4: J(d+ex)'"Pq[x] (a+bx+cx*)?dx whenb?-4ac#@ A cd’-bde+ae’=@ Am+q+2p+1==0 AMeZ"

Derivation: Algebraic expansion

Rule1.2.1.954:1f b2-4ac+0 A cd’>-bde+ae?=0  Am+q+2p+1==0 AmeZ,then

J(d+ex)qu[x] (a+bx+cx®)?Pdx — J(a+bx+cx2)pExpandIntegrand[(d+ex)'“Pq[x], x] dx

Program code:

Int[(d_.+e_.*x_)"m_%Pq_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx+c*x”2)"p, (d+exx) *mxPq,x],x] /;
FreeQ[{a,b,c,d,e},x] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] && EqQ[c*d*2-bxdxe+axe”2,0] && EqQ[m+Expon[Pq,x]+2xp+1,0] && ILtQ[m,0]

Int[(d_+e_.xx_)"m_%Pq_=*(a_+cC_.*x_"2)~p_,x_Symbol] :=

Int [ExpandIntegrand[ (a+cxx”"2)*p, (d+exx) *m%xPq,x],x] /;
FreeQ[{a,c,d,e},x] && PolyQ[Pq,x] && EqQ[c*d”*2+axe”2,0] && EqQ[m+Expon[Pq,x]+2xp+1,0] && ILtQ[m,0]

5: J(d+ex)qu[x] (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’=0 Am+q+2p+1+#0

Derivation: Algebraic expansion and quadratic recurrence 3awithA = d,B =eandm=m-1

Rule1.2.1.9.55:1f b2-4ac+0 A cd’-bde+ae?=0 Am+q+2p+1%0,letssr,ix q1,then

J-(d+ex)'"Pq[x] (a+bx+cx?)?Pdx —

J.(d+ex)’" (P [X] £ (d+ex)d (a+bx+cx2)pdlx+i (d+ex)™? (a+bx+cx?)Pdx —
! el el

f (d +ex)™a-t (a+bx+cx2)p+1 1
+ J(d+ex)m (a+bx+cx2)"-
cetl m+q+2p+1) ced (m+q+2p+1)




Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

(cef (m+q+2p+1) Pg[x] -cf (m+q+2p+1) (d+ex)%+ef (m+p+q) (d+ex)¥? (bd-2ae+ (2cd-be) x)) dx

Program code:

Int[(d_.+e_.*x_)"m_.*Pq_=* (a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
With[{q=Expon[Pq,x],f=Coeff[Pq,X,Expon[Pq,x]]},
fx (d+rexx) A (m+gq-1) » (a+bxx+Cxx*2) ~ (p+1) / (Cxe” (g-1) x (m+q+2xp+1)) +
1/ (cxergq* (m+q+2xp+1)) »Int [ (d+exX) “mx (a+b*X+C*x"2) "p*
ExpandToSum[c*e"q* (M+q+2xp+1) *xPg-Ccxf* (M+q+2xp+1) x (d+exx) *q+exfx (m+p+q) * (d+exx) ~ (q-2) » (bxd-2xaxe+ (2xcxd-bxe) xX) ,x] ,x] /3
NeQ[m+q+2*p+1,0]] /5
FreeQ[{a,b,c,d,e,m,p},x] & & PolyQ[Pq,x] && NeQ[b”"2-4xaxc,0] && EqQ[c*xd"2-bxdxe+axe”2,0]

Int[(d_+e_.*x_)"m_.xPq_=(a_+c_.*x_"2)"p_,x_Symbol] :=
With[{q=Expon[Pq,x],f=Coeff[Pq,X,Expon[Pq,x]1},
fx (d+exx) * (m+g-1) * (a+Cc*x”2) ~ (p+1) / (cxe”(gq-1) * (m+q+2xp+1)) +
1/ (cxe”q* (m+q+2xp+1) ) »Int [ (d+exXx) “m* (a+C*X"2) “p*
ExpandToSum[c*e"q* (m+g+2xp+1) *Pg-cxf* (M+q+2xp+1) % (d+exx) *q-2xe*xf* (m+p+q) * (d+exx) * (q-2) * (axe-cxd*x) ,x] ,x] /5
NeQ[m+q+2xp+1,0]] /;
FreeQ[{a,c,d,e,m,p},x] &% PolyQ[Pg,x] && EqQ[c*d*2+axe”2,0] && Not[IGtQ[m,0]]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

6: J(d+ex)'"Pq[x] (a+bx+cx*)?dx whenb?-4ac#0 A cd’-bde+ae’=0 A pez

Derivation: Algebraic simplification
Basis:If cd?-bde+ae?=-0,thena+bx+cx?= (d+ex) (%Jr Ce—x)
Rule1.2.1.95.6:1f b2-4ac+0 A cd>-bde+ae?>=0 A peZ,then

J(d+ex)qu[x] (a+bx+cx?)Pdx — J(d+ex)'“*p (§+ 2)qu[x] dx
e

Program code:

Int[(d_.+e_.*x_)"m_.*Pq_=* (a_.+b_.*x_+c_.*x_"2)~p_.,x_Symbol] :=
Int[ (d+exx)” (m+p) *» (a/d+c/exx) pxPq,x] /;
FreeQ[{a,b,c,d,e,m},x] &% PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] & EqQ[cxd"*2-bxdre+axe”2,0] && IntegerQ[p]

Int[(d_+e_.*x_)"m_.*Pq_=*(a_+C_.*x_"2)"p_.,x_Symbol] :=
Int[ (d+exx)” (m+p) *» (a/d+c/exx) *pxPq,x] /;
FreeQ[{a,c,d,e,m},x] && PolyQ[Pq,x] && EqQ[cxd"*2+axe”2,0] &% IntegerQ[p]

10



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

7: J(d+ex)'"Pq[x] (a+bx+cx?*)?dx whenb?-4ac#@ A cd’-bde+ae’=0 Ap¢z

Derivation: Piecewise constant extraction

(a+b X+C X2

::@

p
Basis: If cd? -bde +ae? == 0, then oy (d f_x)p

+ex)P<§+

Rule1.2.1.95.7:1f b2-4ac+0 A cd’-bde+ae?=0 A p ¢ Z,then

FracPart[p]

(a+bx+cx2) a cCX\p
J‘(d+ex)’""p (—+—) Pq[x] dx
FracPart[p] d e

J(d+ex)'“Pq[x] (a+bx+cx*)?Pdx —

(d + ex) FracPart[p] (1 + ﬂ)
d e

Program code:

Int[(d_.+e_.*x_)"m_.*xPq_=x(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
(a+bxx+cxx”2) *FracPart[p]/ ( (d+e*x) *FracPart[p] * (a/d+ (cxx) /e) *FracPart[p]) *Int[ (d+exx)” (m+p) » (a/d+c/exx) *pxPq,x] /;
FreeQ[{a,b,c,d,e,m,p},x] && PolyQ[Pq,x] && NeQ[b"2-4xaxc,0] && EqQ[cxd*2-bxdxe+axe”2,0] &% Not[IntegerQ[p]] && Not[IGtQ[m,0]]

Int[(d_+e_.xx_)"m_.*xPq_x(a_+cC_.*x_"2)"p_,x_Symbol] :
(a+c*x~2) *FracPart[p]/ ( (d+exx) ~FracPart[p] = (a/d+ (c*x) /e) *FracPart[p]) *Int[ (d+exx)” (m+p) » (a/d+c/exx) *pxPq,x] /;

FreeQ[{a,c,d,e,m,p},x] &% PolyQ[Pq,x] && EqQ[cxd"2+axe”2,0] && Not[IntegerQ[p]] && Not[IGtQ[m,0]]

6. j(d+ex)'“Pq[x] (a+bx+cx*)?dx whenb?-4ac#@ A cd’-bde+ae’#0 A p<-1

1: J(d+ex)qu[x] (a+bx+cx?)?dx whenb®-4ac#0 A cd’-bde+ae’#0 Ap<-1Am>0

Derivation: Algebraic expansion and quadratic recurrence 2a

Rule1.2.1.9.6.1:1f b>?-4ac+0 A cd’-bde+ae?+@ Ap<-1Am>0,
let Qg-2[X] - PolynomialQuotient [P4[Xx], a+bx+cx?, x| and
f + g x - PolynomialRemainder [Pq[x], a+bx+cx?, x|, then

11



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p 12

J(d+ex)’"Pq[x] (a+bx+cx®)?Pdx —
J(d+ex)'“ (F+gx) (a+bx+cx2)pd1x+J.(d+ex)'“‘1 (d +ex) Qq[x] (a+bx+cx2)p+1d]x —

(d+ex)m (a+bx+cx2)p+1 (fb-2ag+ (2cf-bg)x)

+

(p+1) (b*-4ac)
1

(d+ex)™? (a+bx+cx2)p*1-
(p+1) (b*-4ac)

((p+1) (b*-4ac) (d+ex) Qqa[x] +g (2aem+bd (2p+3)) -f (bem+2cd (2p+3)) -e (2cf-bg) (m+2p+3) x) dx

Program code:

Int[(d_.+e_.xx_)"m_.*Pq_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [Pq,a+bxx+c*x"2,X],
f=Coeff[PolynomialRemainder [Pq,a+b»x+c*Xx"2,xX],X,0],
g=Coeff [PolynomialRemainder [Pq,a+bxx+cxx"2,x],x,1]},
(d+exXx) *m* (a+bxx+C*xx"2) " (p+1) * ('F*b-Z*a*g+ (Z*C*'F-b*g) *x)/( (p+1) » (b”"2-4xaxc)) +
1/ ((p+1) * (b*2-4xaxc)) *Int [ (d+exx)~ (m-1) * (a+bxx+c*x"2) " (p+1) *»
ExpandToSum[ (p+1) » (b"2-4xaxc) x (d+e*X) *Q+gx (2xa*exm+bxdx (2xp+3) ) -F* (bxexm+2xcxd* (2xp+3) ) -ex* (Z*C*'F—b*g) * (M+2xp+3) *X,X] ,X] ] /5
FreeQ[{a,b,c,d,e},x] & & PolyQ[Pq,x] &&% NeQ[b"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && LtQ[p,-1] && GtQ[m,0] &X%
(IntegerQ[p] || Not[IntegerQ[m]] || Not[RationalQ[a,b,c,d,e]]) &&
Not[IGtQ[m,O] && RationalQ[a,b,c,d,e] && (IntegerQ[p] || ILtQ[p+1/2,0])]

Int[(d_+e_.*x_)"m_.*xPq_=x(a_+c_.*x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [Pq,a+c*x"2,X],
f=Coeff[PolynomialRemainder [Pq,a+c*x"2,X],X,0],
g=Coeff[PolynomialRemainder [Pq,a+c*x"2,x],X,1]},
(d+e*x)Am*(a+c*xA2)A(p+1)*(a*g—c*f*x)/(z*a*c*(p+1)) +
1/ (2*xaxc* (p+1) ) »Int [ (d+exx)~ (m-1) % (a+C*x*2) " (p+1) *
ExpandToSum[z*a*c* (p+1) * (d+exx) *Q-a*xexgxm+Cxdxfx (2xp+3) +Cxe*xf* (M+2xp+3) *X,X] ,X] ] /3
FreeQ[{a,c,d,e},x] && PolyQ[Pq,x] && NeQ[cxd*2+axe”2,0] && LtQ[p,-1] && GtQ[m,0] &&
Not [IGtQ[m,0] && RationalQ[a,c,d,e] && (IntegerQ[p] || ILtQ[p+1/2,0]) ]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p 13

2. J(d+ex)'"Pq[x] (a+bx+cx*)?dx whenb*-4ac#@ A cd’-bde+ae’#8 A p<-1AM$0

1: J(d+ex)qu[x] (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’#0 Ap<-1 AmezZ"

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule1.2.1.9.6.2.1:1f b2-4ac+0 A cd’-bde+ae?+0 Ap<-1AmezZ,
let Qn.q-2[X] - PolynomialQuotient[ (d+ex)"Py[x], a+bx+cx?, x]al’]d
f + g x —» PolynomialRemainder| (d + e x)"Pq[x], a+bx+cx?, x],then

J(d+ex)qu[x] (a+bx+cx*)?Pdx —

J(f+gx) (a+bx+cx2)pdx+me+q_2[x] (a+bx+cx?)P dax —

(bf-2ag+ (2cf-bg)x) (a+bx+cx2)p+1

+

(p+1) (b*-4ac)
1

(p+1) (b

- ] J(d+ex)’“ (a+bx+cx2)'{’+1 ((p+1) (b*-4ac) (d+ex) ™Quq2[Xx] - (2p+3) (2cf-bg) (d+ex)™) dx
-4ac

Program code:

Int[(d_.+e_.*x_)"m_.*Pq_= (a_.+b_.*x_+c_.*x_"2)~p_,x_Symbol] :=
With[{Q=PolynomialQuotient [ (d+exx)"m«Pq,a+bxx+c*x"2,x],
f=Coeff[PolynomialRemainder [ (d+e+X) "m«Pq,a+b»x+c*Xx"2,x],X,0],
g=Coeff[PolynomialRemainder [ (d+e+X) "mxPq,a+b*x+c*x*2,x1,X,1] },
(b*f—Z*a*g+ (Z*C*f—b*g) *X) * (a+bxx+Ccxx*2) ~ (p+1) / ((p+1) * (b*2-4xaxc)) +
1/ ((p+1) » (b”2-4xaxc) ) xInt [ (d+e*x) “mx (a+b*x+c*x"2) * (p+1) *
ExpandToSum[ (p+1) » (b"2-4xaxC) » (d+exX) ~ (-M) #Q- (2+p+3) » (2xCxF-bxg) * (d+exx) ~ (-m) ,x]|,x]] /;
FreeQ[{a,b,c,d,e},x] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && LtQ[p,-1] && ILtQ[m,0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

Int[(d_+e_.*x_)"m_.*Pq_x* (a_+C_.*X_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [ (d+exx)"m«Pq,a+c*x"2,x],
f=Coeff[PolynomialRemainder [ (d+e+X) "mxPq,a+C*x"2,X],X,0],
g=Coeff[PolynomialRemainder [ (d+exX) "mxPq,a+c*x"2,x],x,1]},
(a*g-cxfxx) » (a+Cxx 2) A (p+1) / (2#a*Cx (p+1)) +
1/ (2%axcx (p+1)) *Int [ (d+exXx) *mx (a+C*x"2) ~ (p+1) *
ExpandToSum[2xaxCx (p+1) # (d+exX) ~ (-m) xQ+CxFx (2xp+3) » (d+exx) ~ (-m) ,x]|,x]] 7/;
FreeQ[{a,c,d,e},x] &% PolyQ[Pg,x] && NeQ[cxd*2+axe”2,0] && LtQ[p,-1] && ILtQ[m,0]
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Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

2: J.(d+ex)"‘Pq[x] (a+bx+cx?*)Pdx whenb?-4ac#0 A cd’-bde+ae’#8 A p<-1 Am$0

Derivation: Algebraic expansion and quadratic recurrence 2b

Rule1.2.1.9.6.2.2:1f b>-4ac+0 A cd’-bde+ae?+@ Ap<-1Am30,
let Qg-2[x] - PolynomialQuotient [Pq[x], a+bx+cx?, x| and
f + g x »> PolynomialRemainder [Pq [X], a+bx+cx?, x},then

J(d+ex)"‘Pq[x] (a+bx+cx?)Pdx —

J.(d+ex)'“ (F+gx) (a+bx+cx2)pd1x+J.(d+ex)'“Qq_2[x] (a+bx+cx2)p+1d]x —

(((d+ex)™ (a+bx+cx2)p+1 (f(bcd-b*e+2ace) -ag(2cd-be) +c (f(2cd-be) -g(bd-2ae))x))/((p+1) (b>’-4ac) (cd*-bde+ae?))) +

1
J(d+ex)'“ (a+bx+cx?)Pt.

(p+1) (b*-4ac) (cd’-bde+ae?)
((p+1) (b*-4ac) (cd’-bde+ae®)Qqua[x] +
f(bcde (2p-m+2) +b?e? (p+m+2) -2c*d? (2p+3) -2ace’ (m+2p+3)) -
g(ae(be-2cdm+bem) -bd (3cd-be+2cdp-bep)) +
ce(g(bd-2ae)-f(2cd-be)) (m+2p+4)x) dx

Program code:

15



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p 16

Int[(d_.+e_.xx_)"m_.*Pq_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [Pq,a+bxx+c*x"2,X],
f=Coeff[PolynomialRemainder [Pq,a+b»x+c*Xx"2,xX],X,0],
g=Coeff[PolynomialRemainder [Pq,a+b*x+cxx*2,x],X,1] },
(d+e*xx)~ (m+1) * (a+bxXx+Cc*x*2) ~ (p+1) * (‘F* (bxcxd-b”2xe+2xaxcxe) —axg* (2xcxd-bxe) +c* (‘F* (2xcxd-bxe) -g* (bxd-2xaxe) ) *x)/
((p+1) * (b*2-4xaxc) » (cxd*2-bxdxe+axe”2)) +
1/((p+1)*(bA2-4*a*c)*(c*dAz-b*d*e+a*eA2))*Int[(d+e*x)Am*(a+b*x+C*xA2)A(p+1)*
ExpandToSum[ (p+1)  (b*2-4xaxc) » (Cxd"2-bxdxe+axe”2) xQ+
fx (bxcxdxex (2xp-m+2) +b"2xe 2% (p+m+2) -2xC*2xd"2% (2xp+3) -2*xa*Cxe" 2% (M+2xp+3) ) -
g* (axex (bxe-2xcxdxm+bxexm) -bxd» (3xcxd-bxe+2xcxdxp-bxexp)) +
cxex (g* (bxd-2xaxe) - (2xcxd-bxe) ) » (m+24p+4) #x,x],x]| | /;
FreeQ[{a,b,c,d,e,m},x] && PolyQ[Pg,x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxdre+axe”2,0] && LtQ[p,-1] &&
Not[IGtQ[m,@] & RationalQ[a,b,c,d,e] & (IntegerQ[p] || ILtQ[p+1/2,0])]

Int[(d_+e_.*x_)"m_.*Pq_x* (a_+C_.*X_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [Pq,a+c*x"2,X],
f=Coeff[PolynomialRemainder [Pq,a+c*x"2,X],X,0],
g=Coeff [PolynomialRemainder [Pq,a+c*x"2,X],X,1] },
- (d+exXx)~ (m+1) * (a+Cx*X*2) ~ (p+1) = (a* (e*'F—d*g) + (c*d*f+a*e*g) *x)/(Z*a* (p+1) » (cxd”2+axe”2)) +
1/ (2*ax (p+1) » (c*d*2+axe”2)) xInt [ (d+exXx) “mx (a+C*x"2) " (p+1) »
ExpandToSum[2xax (p+1) # (Cxd"2+axe"2) xQ+Cxd 2xfx (2xp+3) -axex (dxgsm-exfx (M+2xp+3) ) +ex (Cxdxfraxexg) x (m+2xp+4) #x,x],x]] /;
FreeQ[{a,c,d,e,m},x] & & PolyQ[Pq,x] &&% NeQ[cxd"2+axe”2,0] &% LtQ[p,-1] &&
Not[IGtQ[m,@] & RationalQ[a,c,d,e] && (IntegerQ[p] || ILtQ[p+1/2,0]) ]

h~fM+exWP“x]@+bx+cxﬂdeWMnN—4ac¢eAcdz—bde+aé¢eAnm—1

Derivation: Algebraic expansion and quadratic recurrence 3b

Rule1.2.19.7:1f b>-4ac+0 A cd’-bde+ae?#0 Am< -1,
let Q41 [x] -+ PolynomialQuotient[P,[x], d +ex, x]Jand R - PolynomialRemainder [Pq[Xx], d + e X, X],then

J(d+ex)’"Pq[x] (a+bx+cx*)?dx —

J(d+ex)m*1Qq_1[x] (a+bx+cx2)pdx+RJ(d+ex)m (a+bx+cx?)?dx —



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

eR (d +ex)™? (a+bx+cx2)"":l

(m+1) (cd®>-bde+ae?)
1

J.(d+ex)'“+1 (a+bx+cx?)P.
(m+1) (cd®*-bde+ae?)

((m+1) (cd*-bde+ae?) Quy[x] + cdR (m+1) -beR (m+p+2) -ceR (m+2p+3) x) dx

Program code:

Int[(d_.+e_.*x_)"m_%Pq_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient[Pq,d+exX,Xx], R=PolynomialRemainder [Pq,d+exX,x]},
(exRx (d+e*x) ~ (m+1) » (a+bxx+c*x”*2)~ (p+1) )/ ((m+1l) * (cxd*2-bxdxe+axe”2)) +
1/ ((m+1) * (cxd*2-bxdxe+axe”2) ) *Int[ (d+e*xx) ~ (m+1) * (a+bxX+C*X*2) *p*
ExpandToSum|[ (m+1) * (cxd*"2-bxdxe+axe”2) xQ+cxd*xR* (m+1) -bxexR* (m+p+2) —cxe*Rx (M+2%p+3) *X,x] ,X] ] /5
FreeQ[{a,b,c,d,e,p},x] &% PolyQ[Pg,x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd"*2-bxdxe+axe”2,0] && LtQ[m,-1]

Int[(d_+e_.*x_)"m_xPq_=* (a_+c_.*x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient[Pq,d+exX,x], R=PolynomialRemainder [Pq,d+exx,x]},
(exRx (d+exx) ~ (m+1) * (a+Cc*x”2) ~ (p+1)) / ((m+1) » (cxd*2+axe”2)) +
1/ ((m+1) * (cxd*2+a%xe”2) ) *Int[ (d+exx)~ (m+1) x (a+C*X"2) “p*

ExpandToSum[ (m+1) * (Cxd*2+axe”2) xQ+Cxd*xR* (m+1) —cxe*R* (M+2xp+3) %X, X] ,X] ] /5

FreeQ[{a,c,d,e,p},x] && PolyQ[Pq,x] && NeQ[cxd*2+axe”2,0] && LtQ[m,-1]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

8: [Xx"Pq[x] (a+bx?)Pdx when-Pq[x’] Am+2ez*

Derivation: Algebraic expansion
Basis: Pqx] = 3#2P,[x, 2k] x2% + x 5¥%Y /2 Pg[x, 2k + 1] x2X
Note: This rule transforms x»p,(x] into a sum of the form xq.[x2] + x™ &, [x?].

Rule 1.2.1.9.8:1f = Pq[x?| A m+2ez*, then

Jx’" Palx] (a+bx*)Pdx — Jx'" [qu[xj 2k] x”] (a+bx?)Pdx+ J\x’"+1 [ZPq[x, 2k +1] ka] (a+bx*)Pdx
k=0

k=0

Program code:

Int[x_"m_.xPq_=(a_+b_.*x_"2)"p_,x_Symbol] :=
Module[ {q=Expon[Pq,x],k},
Int[x*mxSum|Coeff[Pq,x,2xk]*x" (2%k), {k,0,q/2} | * (a+bxx"2) *p,x] +
Int[x” (m+1) «Sum[Coeff [Pq,X,2xk+1]#x" (2%k) , {k,0, (q-1) /2} | * (a+b*x"2) *p,x]] /;
FreeQ[{a,b,p},x] && PolyQ[Pq,x] && Not[PolyQ[Pq,x"2]] && IGtQ[m,-2] && Not[IntegerQ[2xp]]

9: J(d+ex)“‘Pq[x] (a+bx+cx?)Pdx whenb®-4ac#0 A cd’-bde+ae’#@ Am+q+2p+1+#0

Derivation: Algebraic expansion and quadratic recurrence 3awithA = d,B =eandm=m-1

Rule1.2.1.9.9:1f b2-4ac+0 A cd>-bde+ae?+0 Am+q+2p+1+80,letssr,x, q1,then

J.(d+ex)'"Pq[x] (a+bx+cx?)?Pdx —

J(d+ex)’" (P [X] £ (d+ex)d (a+bx+cx2)pdlx+i (d+ex)™9 (a+bx+cx?)Pdx —
K ed ed

18



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

f (d +ex)™a? (a+bx+cx2)ID+1

+
cel m+q+2p+1)

1

J(d+ex)’" (a+bx+cx®)? (cet (m+q+2p+1) Pg[x] -~cf (Mm+q+2p+1) (d+ex)?-
ced (m+q+2p+1)

f(d+ex)?? (bde (p+1) +ae’* (m+q-1) -cd® m+q+2p+1) -e (2cd-be) (m+q+p) x)) dx

Program code:

Int[(d_.+e_.*x_)"m_.*Pq_=(a_.+b_.*Xx_+c_.*x_"2)"p_,x_Symbol] :=
With[{q=Expon[Pq,x],f=Coeff[Pq,X,Expon[Pq,x]]},
fx (d+rexx) A (m+g-1) *» (a+bxx+Cxx*2) A (p+1) / (cxe” (g-1) » (m+q+2xp+1)) +
1/ (cxe*q* (m+q+2xp+1) ) xInt [ (d+exXx) “mx (a+b*Xx+Cc*x"2) "p*ExpandToSum[c*e"q* (m+q+2xp+1) *Pg-cxf* (Mm+q+2xp+1) » (d+e*x) *q-

fx (d+exx) " (q-2) » (bxdxex (p+1) +axe” 2% (m+q-1) -c*d"2x (M+q+2xp+1) -e* (2xCxd-bxe) * (m+q+p) *X) ,X] ,X] /3
GtQ[q,1] & NeQ[m+q+2xp+1,0]] /;

FreeQ[{a,b,c,d,e,m,p},x] & & PolyQ[Pq,x] && NeQ[b”"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] &&

Not[IGtQ[m,0] && RationalQ[a,b,c,d,e] & (IntegerQ[p] || ILtQ[p+1/2,0])]

Int[(d_+e_.xx_)"m_.xPq_x(a_+C_.*X_"2)"p_,x_Symbol] :=
With[{q=Expon[Pq,x],f=Coeff[Pq,X,Expon[Pq,x]]},
fx (d+exx) A (m+g-1) *» (a+C*x"2) ~ (p+1) / (cxe”(q-1) * (m+q+2xp+1)) +
1/ (cxe*gqx (m+q+2+p+1) ) xInt [ (d+exXx) “mx (a+c*x”"2) *pxExpandToSum [C*e"q* (m+gq+2xp+1) *Pq-c*f* (m+q+2xp+1) » (d+exx) ~q-

fx (d+exx) " (q-2) x (a*e”2x (Mm+q-1) -c*d"2% (M+q+2xp+1) -2xCxd*xe* (M+q+p) *X) ,X] ,X] /3
GtQ[q,1] & NeQ[m+q+2xp+1,0]] /;

FreeQ[{a,c,d,e,m,p},x] &% PolyQ[Pg,x] && NeQ[cxd*2+axe”2,0] && Not[EqQ[d,0] && True] &&

Not[IGtQ[m,0] & RationalQ[a,c,d,e] && (IntegerQ[p] || ILtQ[p+1/2,0]) ]

10: j(d+ex)qu[x] (a+bx+cx?)?dx whenb®-4ac#0 A cd’-bde+ae’#0

Derivation: Algebraic expansion

Pq[X,q] (d+ex)™d (drex)™ (e9Pq[x]-Pq[x,9] (d+ex)9)
ed * ed

Basis: (d + e x) " Pq[X] =

Rule1.2.1.9.10:1f b>-4ac+0 A cd’>-bde +ae?+0,then

J(d+ex)’"Pq[x] (a+bx+cx®)?Pdx —
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Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p
Pq[X, q] 1
Lj(d+ex)’"+q (a+bx+cx?)Pdx+ —J(d+ex)’“ (a+bx+cx?)? (e9Pq[x] - Pq[x, q] (d+ex)T) dx
ed ed

Program code:

Int[(d_.+e_.*x_)"m_.*Pq_=(a_.+b_.*x_+c_.*x_"2)"p_.,x_Symbol]

With [ {q=Expon[Pq,x]},
Coeff[Pq,x,q] /erq+Int[ (d+exx) " (m+q) * (a+bxx+C*x"2) "p,X] +
1/e~g=Int[ (d+exX) “mx (a+bxx+cxx"2) "pxExpandToSum[e~q«Pq-Coeff [Pq,x,q] « (d+exx) ~q,x],x]] /;

FreeQ[{a,b,c,d,e,m,p},x] & & PolyQ[Pq,x] && NeQ[b”"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] &&
Not[IGtQ[m,e] && RationalQ[a,b,c,d,e] & & (IntegerQ[p] || ILtQ[p+1/2,0])]
Int[(d_+e_.*x_)"m_.*Pq_=x(a_+C_.*x_"2)"p_.,x_Symbol] :=

With[{q=Expon[Pq,x]},
Coeff[Pq,x,q]/e"q*Int [ (d+exx) " (m+q) * (a+C*xX"2) *p,x] +
1/e7q+Int[ (d+exx) “m# (a+Ccxx"2) “pxExpandToSum[e~q+Pq-Coeff [Pq,X,q] » (d+exx)~q,x],x]] /;

FreeQ[{a,c,d,e,m,p},x] &% PolyQ[Pq,x] && NeQ[cxd*2+axe”2,0] &&
Not[IGtQ[m,0] & RationalQ[a,c,d,e] && (IntegerQ[p] || ILtQ[p+1/2,0]) ]
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